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Abstract. I.A.B. Strachan introduced the notion of a natural Frobenius sub- 
manifold of a Frobenius manifold and gave a sufficient but not necessary con- 
dition for a submanifold to be a natural Frobenius submanifold. This paper 
will give a necessary and sufficient condition and classify the natural Frobenius 
hypersurfaces. 



0. Introduction 

0.1. Saito structure and Frobenius manifold structure. Frobenius manifolds 
were introduced and investigated by B. Dubrovin as the axiomatization of a part of 
the rich mathematical structure of the Topological Field Theory (TFT): cf. 

A Frobenius manifold (or called Frobenius structure on M) is a quadruple 
(M, o, e, £). Here M is a manifold in one of the standard categories (C°°, analytic, 
...), g is a metric on M (that is, a symmetric, non-degenerate bilinear form, also 
denoted by (, )), o is a commutative and associative product on TM and depends 
smoothly on M, such that if V denote the Levi-Civita connection of g, then 

a) V is flat; 

b) g{X oY,Z)= g{X, Y o Z), for any X, F, Z G TM;_ 

c) the unit vector field e is covariant constant w.r.t. V 

Ve 0; 

d) let 

c{X,Y,Z) ■.= g{XoY,Z) 
(a symmetric 3-tensor). We require the 4-tensor 

iVzc)iU,V,W) 

to be symmetric in the four vector fields U, V,W, Z. 

e) A vector field £ must be determined on M such that 

(0.1) V(y£) = 0; 

(0.2) C£io)^o; 
(0.3) 3DeC, Ce{g)=D-g. 

Remark 0.4. In this definition, because the metric g is flat and the unit field e is 
covariant constant w.r.t. V, then (|0.3p imphes (jO.ip . 
Good reference is the last chapter in [4J. 

There are several equivalent ways to describe a Frobenius structure. One way, 
called Saito structure, is recalled here: 
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Definition 0.5. Let M be a complex analytic manifold of dimension m. A Saito 
structure on M (without metric) consists of the following data: 

1) a flat torsion free connection V on the tangent bundle TM; 

2) a symmetric Higgs field $ on the tangent bundle TM, that is, $ is an 
©M-linear map 0{TM) ® 0{TM) such that 

3) two global sections (vector fields) e and £ of 9 a/, respectively called unit field 
and Euler field of the structure. 

These data are subject to the following conditions: 

a) the meromorphic connection V on the bundle 7t*TM on x M defined by 
the formula 

v = .*v + ^-(iM + v.)^ 

z z z 

is integrable; 

b) the field e is V-horizontal (i.e., Ve = 0) and satisfies $e = —Id (i.e., the 
product o associated to $ has e as a unit field). 

Definition 0.6. Let M be a complex analytic manifold of dimension to. A Saito 
structure on AI with metric consists of a Saito structure (V, $, e, £) and of a metric 
g on the tangent bundle, satisfying the following properties: 

(1) Vg — (hence V is the Levi-Civita connection oi'g); 

(2) <i>* = i.e., for any local section X of 6m, = ^x, where * denotes the 
adjoint w.r.t. g; 

(3) there exists a complex number Z? G C such that 

yS+iVS)* = D-ld; 

Proposition 0.7 ([HUj)- On any manifold M, there is an equivalence between a 
Saito structure with metric and a Frobenius structure. 

0.2. Frobenius submanifolds. In [5j the author considers Frobenius structures 
defined on open subsets of R" or C" and their (natural) Frobenius submanifolds. 
In [B] , the author studied the submanifolds N oi a, semi-simple Frobenius manifold 
M with the Euler vector field £ tangent to N. We now generalize the definition of 
a natural Frobenius submanifold for any Frobenius manifold in the following way: 
Let {M,g,o,e,£) be a Frobenius manifold, where e is the unit vector field, £ 
is the Euler vector field. Let A'' be a submanifold of M such that the metric 'g 
restricted to A^, denoted by g, is non-degenerate. So for any tangent vector fields 
X,Y e T{U,TN) we can define a new product in TA^ by X * F := pr(A' o Y). 
Similarly we set e^r := pr(e), £n '■= pr(^), where pr : TM — > TN is the orthogonal 
projection on TN w.r.t. g. We set TN^ = {£, & TM \ VAT e TN, {X,i) = 0}. So 
for any vector field X £ TM, we have the decomposition: 

X = w{X) + X^, 

where pr(A:) e TN, X^ e TN-^. 

Definition 0.8. The submanifold A^ is called a Frobenius submanifold of the Frobe- 
nius manifold (M, g, o,e,f) if the induced structure (A", g, *, bat, ^at) on A^ is a 
Frobenius manifold structure. 

Definition 0.9. The Frobenius submanifold A^ of (M, o, e, £) is called natural if 
TN is left invariant by the product o. 

In [5] the author gave a sufficient condition for a submanifold A^ to be a natural 
Frobenius submanifold: 
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Theorem 0.10 ( 5 ). Let N be a flat submanifold of a Frobenius manifold M with 

e\N e TN; 
TNoTN C TN; 
£\n e TN. 

Then N is a natural Frobenius submanifold 

Neither e\N G TN nor £\n G TN is necessary, we will construct examples of 
natural Frobenius submanifolds such that e\N ^ bn and £\n ^ Spf. 

Example 0.11. Let {N,g,*,eN,£N) to be a Frobenius manifold of dimension n 
with constant D ^ 0, and let A be the afline line. Define a new Frobenius manifold 
M = X ^ as follows: 

Let z be the coordinate of A and choose a metric 77 on ^ such that ri{dz, dz) — 1- 
We define a new metric 5 on M to be the direct sum of g and 77. Let V be the 
Levi-Civita connection of Then V is just the direct sum of V and d, where d is 
the Levi-Civita connection of rj. Now define a product o: For any X, F G TN, 

X oY := X 
Xodz^Q] 

Finally we define the unit element e and the Euler vector field £: 

e = ejv + yO^; 

£ = £n + 

It is easy to see {M,'g, o, e, £) is a Frobenius manifold. Now we embed N to M: 

f.N — >M, Pi — 1). 
Then we get a natural Frobenius submanifold x {1} with e^!,^ ^ and £^ ^ 0. 

0.3. Aim of the paper. The paper will give a necessary and sufficient condi- 
tion for a submanifold to be a natural Frobenius manifold and classify the natural 
Frobenius hypersurfaces. 

Let us first recall a known result in differential geometry which will explain the 
notation in results below: 

Theorem 0.12 ([7]). Let M be a manifold with a metric g, V is the Levi-Civita 
connection of g, and let N be an arbitrary submanifold such that the restricted 
metric g is non- degenerate. Then for all W, X,Y, Z G TN and normal vectors 
£,,r] G TN-^, w.r.t. the decomposition TN © TN^, we have: 
Gauss formula: 

VxY = ^xY + h{X,Y), 

Weingarten formula: 

- -A^X + Vie, 

where VxY ■.= pr{VxY), ~A^X :=pr(VxC). 

Here h is called the second fundamental form and A is called the shape operator, 
which are related by 

{hiX,Y),0 = {A^X,Y), 
for any X,Y E TN, ^ G TN^. 

We have the following result for any submanifold. 
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Theorem 0.13. Let (M, 'g, o, e, £) be a Frobenius manifold. Let N be a submanifold 
of M such that g '■='§ \tn is non- degenerate and fiat. Then the following properties 
are equivalent: 

(1) N is a natural Frobenius submanifold of M ; 



We classify the natural Frobenius hypersurfaces in the following: 

Proposition 0.17. With the assumptions of Theorem ] U.l SI assume moreover that 
N is a hypersurface. 

(a) If e is not tangent to N, then the following are equivalent: 

(1) N is natural Frobenius submanifold of M ; 

(2) TNoTN ^ TiV, V = V. 

(b) If e is tangent to N, then the following are equivalent: 

(1) N is natural Frobenius submanifold of M ; 

(2) TN oTN C TN and either V ^ V or 6 is tangent to N. 

We will give some examples in the last section to show that this classification 
can not be generalized to all submanifolds. 

Acknowledgement. The author would like to thank ENS, Paris for its hospitality 
during the academic year of 2006-2007. The author also thanks Jianxun Hu for 
pointing me to the work of Strachan. Last but most, the author would like to thank 
professor Sabbah for his patient helps and valuable suggestions. 



In this section we mainly give a necessary and sufficient condition for a sub- 
manifold to be a natural Frobenius manifold. Because of the equivalence between 
Frobenius structure and Saito structure with metric, we will see the sufficient con- 
dition from these two equivalent point of view. 

Lemma 1.1. Let {M,g,o,e,£) be a Frobenius manifold. Let N be a submanifold 
of M such that TNoTN C TN, then TN o TN^ C TN-^. 

The proof of Lemma [J~T\ Because (A/, o, e, £) is a Frobenius manifold, so we have 
the relation 



{UoV,W) = {U.VoW), 
for all U,V,W TM. If TNoTN C TN, then VJ7, V G TN, ( e TN^ we have 

{UoC,v)^{C,UoV)^o. 



(2) 
(0.14) 
(0.15) 
(0.16) 



VeAT = 0; 
TNoTN C TN; 
3X e C, A£± = X- Id, 



1. General dimension 



So TNoTN^ C TN^. 



□ 




V£+{V£y =D-ld; 

V£n + (Vfjv)* = i:'Ar - Id. 
For any U,V e TN, we have: 

{Vu£,V) + {Vv£,U)=D-{U,V) 
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Computing the left hand side of the above equahty we get: 

(Vr/£, V) + (Vy£, U) = {Vu£n + yu£h,y) + {^v£n + Vv£h, u) 
= {VuSn + ^h^h + HU, £n) - A^^U, V) 

+{^v£n + ^vSn + HV, £n) - A^^V, U) 
= {^u^N - A^i^U, V) + {VvSn - A^^V, U) 
= {Vu£n, V) + {Vv£n. U) - {As^U, V) - {A^i^V, U) 
= {Vu£n,V) + {Vv£n,U) -2{h{U,V),£j,) 
= DN-{U,V)-2{hiU,V),£^) 
= D-{U, V) 



So we get: 



I.e., 



{hiU,V),£^) = ^^L_^-{U,V), 



{A,.U,V) = £^-{U,V). 



So 



Dn~D 



^ ^ ^ _ 

The other two equahties Vcat = and TN o TN C TN hold because N is the 
natural Frobenius submanifold of M. 
(2) =^ (1) 

We will give two methods to prove the sufficient condition. In the first method, 
we use the flat holomorphic local coordinates to prove that Condition (2) induces 
a Saito structure with metric on M. The most difficult part in this method is 
the flatness of the structure connection V. The second method is more global. We 
prove that Condition (2) induces a Frobenius structure on M . In this method every 
thing is more obvious except the relation ££„(o) = o. 

First method: Saito structure. Suppose TNoTN C TN and there exists a constant 
A G C such that A£± A ■ Id. So the restricted Higgs field ^\tn is a Higgs field on 
TN, where $ is defmed by <i>xY := -X o r,for any X,Y e TM. 

The structure connections V on M x P-'^ and V on x are defined by 

V:^.*V + ^-(ii^ + V£A 

z z z 

z z z 

We will show that the induced structure (V, ^\tn ^ ^n, £n, g) on is a Saito struc- 
ture with metric. 

51) Existence of flat unit field. Because of TN o TN C TN. From Lemma fLT| we 
know TN o C TN-^, so for any U e TN, we have: 

U^Uoe^UoeN + Uoejj. 

So 

Uoejf = U-UoeNeTNr] TN^ = {0}. 

So 

U = U o ejv, 

for any U e TN. i.e., $e„ \tn — ~ Id. Vejv — show that the unit vector field cn 
is V-flat. 
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S2) flatness of the structure connection V. Denote by TZ the curvature of V and 

by TZ the curvature of V. Because M is Frobenius manifold, TZ — 0. For any 
U,V,We TM, we have: 

n(u,v)w = 0. 

Computing the left hand side of the above equality: 
n(JJ,V)W = R{U,V)W 

+ -{U o^yW - V oVuW - [U,V]oW +^u{V oW) - ^v{U oW)} 

z 

+^{u o{y oW)-v ooj o w)\, 

where i? is the curvature of V. So we get: 

(1.2) V oVyW -Y oVvW ~ \U,Y\oW ^Vu{Y oW)-Vv{V oW) ^ 0. 
because of Lemma [TTT] we have, for \/U, V,W ^ TN 

Pt{U oVvW -Y oVuW -[U,V]oW + Vu(y oW) ~~VviU oW)} 

= C/ o VyW -Yo VuW -[U,V]oW + VuiV oW)- Vv(C/ o W) 

= 0. 
However, 

n{U,V)W = R{U,Y)W 

+ i{?7 o \/vW -Vo VuW -[U,Y]oW + Vc/(y oW)- Vy(t/ o W)} 

+ ^{U o(YoW)-Yo(Uo W)}, 
z^ 

where R is the curvature of V. So 

1Z{V,Y)W = 0, 

for any V,Y,W ^TN 

' dz 



Now the only other equality to be checked is iZ{z-j^,U)Y — 0. Calculating 
directly, we get: 

U)Y = -^u^V^N + ^VuV^N. 

for any [/, V G TN . _ 

Suppose t^,t'^, . . . ,t"^ is the flat coordinate of (M, V), r^, r^, . . . , t" is the flat 
coordinate of iV, 7^ is a tensor, so we just check it for base elements da- So we just 
need to check: 

drcdrliSjr = 0, 



for all a, /3, 7 € {1, 2, ... , n}. 



Locally, £ = S^dti,SN = E^dr"- Choose the local frame of TN-^, denoted by 



d^a , such that 

dt.^Afdr^+nfd,.. 

and 

where rj^^ are constant with 77-^ — e(Q!)<5-^ with e{a) = ±1. 
Using the metrics g and g we get: 

4" -77 n"'^-^ 
— 9ij9 c, 

From the definition of £n, we get — £^ \n Af. 
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Computing -^-^ directly we get: 



On the other hand, 



But T^, T^, . . . , r" is the flat coordinate of N, so 

= g'\£i,,h{dr,,dr.)) 

The last equality holds because A^i. = A • Id. 
So we have: 

d£l d£'_ ^sdt^ 



Similarly computing we get: 

We will prove that the right hand side of the above equality vanishes. 
Calculating the first term of the right hand side we get: 

9ijg a - a « . \yt',Ovig « . 



Claim: V,,(9^„,a^^)f = ^ dt^ 

In fact, because M is a Probenius manifold, we have 7?. = 0, so we have 

^(^^, U)y = -WVy£ + Vv^yf = 0, 
for all U,V G TN. By this equality we get: 

So 



f)2pi n . f)2cl 
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Similarly for the second term: 



We simplify the equality to be: 



That M is a Probenius manifold also implies that there exists a constant D such 
that: 

V£ + (V£)* =Dld; 

So 

{'^h{d^o,,d^i,)£,drs) = D- {h{dr<^,d^,3),d^s) - {h{dr-:',d^0),Va^,£) 
= -{h{dr^,d,,),Vo^,£). 

Because V5 = 0, we get: 

-{h{dr^,d,,),V9^,£) = -drs{{h{dr^,d,,),£)) + {V9^,h{dr^,dr,),£) 
= -d,s{{h{dr.,d,,),£^)) + {Vo^,h{dro.,d,,),£) 
= -drsiXgaf}) + {Vd^,h{dr--,d^,3),£) 
= {Vd^j^h{dr'-,d^f,),£). 

Similarly we get: 

{'Vd^p£,h{drs,dr'>)) = -{Va^i3h{dr--,drs),£) 
Then we have the equality: 

However the right hand side of this equality vanishes because Vg ^ h{droc , 8^.13) is 
totally symmetric in a,(3,5 : 

Then we get Sra^T-fff^ = 0,Va,/3,7 G {1, 2, . . . ,n}. So 7t = 0, i.e., the structure 
connection V is intcgrable. 

Prom 51) and 52) we get (V, cat, £m) is a Saito structure (without metric) 
on N. 

53) Saito structure (V, $|yjy,ejv,fAr) with metric g. Because V is the Levi-Civita 
connection of g, so we have: 

Vg = Q. 

The induced Higgs field '^\tn satisfies '^\tn = {^\tn)* w.r.t. g because $ = ($)* 
w.r.t. g. So we just need to check: 
Bfjv € C, such that 

V£n + {'^£nT =DN-ld. 
Because M is Probenius manifold, there exists a constant D such that: 

V£+(y£y =D-IA. 
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Computing the left hand side of the above relation as in the proof of (1) (2), 
we get for any U,V & TN 

{Vu£, V) + {Vv£, U) = {Vu£n. V) + {Vv£n, U) - {A^^U, V) 

-{Ae^V,U) 
= {Vu£n, V) + {VvSn, U)-2X- {U, V) 
= D-{U,V) 

so 

{WuSn, V) + {Vv£n, U) = D- {U, V) + 2X- {U, V) 

That is to say: 

V£n + {V£n)* = {D + 2A) • Id 
Take Dn = D + 2A, we get the equality: 

V£n + (VfAf)* = Dat - Id. 

From 5*1), 52), 53) we know that {'V,^\^j^,eN,£N,g) is a Saito structure on N. 

Second method: Frobenius manifold structure. Consider the quadruple (A^, o, g, ejv, £n)- 
Fl) From the assumption we know that g is flat. Just like the proof of 5*1), we get 
the unit vector field ejv is V-flat. 
^^2) In other hand, TN o TN C TN also impUes that 

{u ov,w) = {u, V o w),yu, v,W€ tn. 

F3) Now define a new 3-tensor 

cn{U,V,W) := {UoV,W). 
It is easy to see that cjv is the restricted tensor of c to TN (g) TN TN, where 

c{u, V, W) := {u o V, W)yu, V.W e TM. 

M is a Frobenius manifold, so the 4-tensor (y-^c){U,V,W) is symmetric in the 

four vector fields U,V,W,W' G TM. 
So for any U, V, W, W' G TN we have 

{Vw,c){U,V,W) 

= W' {c{U, V,W))- c(V^. U, V, W) - c{U, V, W) - c{U, V, W) 
= W' {cn{U, V, W)) - c{W^' U, V, W) - c{U, V^' V, W) - c{U, v, V^' W) 
- c{h{w' ,U),V,W) - c{U,h{w' ,V),W) - c{U,v,h{w' ,W)) 

However for any U, V,W,W G TN we have 

c{h{W' ,U),V,W) = {h{W' ,U)oV,W) = {h{W' ,U),W oV) = 0. 
So for any U, V, W, W' G TN we get 

{^^,c){U,V,W) 

= W' {cn{U, V, W)) - c{Vw' U, V, W) - c{U, V^' V, W) - c{U, v, W) 

= W' {cn{U, V,W))- CAr(Vj^- C7, V, W) - cn{U, V^, V, W) - cn{U, v, V^. W) 

= {Vw.cn){U,V,W). 
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But we know that the 4-tensor (V— 'c)(f7, V, W) is symmetric in the four vec- 
tor fields U, V, W, W € TM. Specially, it is symmetric in the four vector fields 
U, V, W, W' e TN, i.e., we get 

is symmetric in the four vector fields U, V,W,W € TN. 
FA) Now consider the vector field £n 

M is a Probenius manifold, so there exists a constant D such that 

V£ + {V£)* =D-ld. 

Computing the left hand side of the above relation as in (1) => (2), together with 
the condition A^x = A • Id, wc have for any [/, V e TN 

{Vu£, V) + {Vv£, U) = {Wu£n, V) + {Vv£n, U) - {A^i^U, V) - {A^^V, U) 
= {Vu£n,V) + (Vyfjv, U)-2\- {U, V) 
= D-{U,V), 

so 

{Vu£n, V) + (Vyfjv, U) = D- {U, V) + 2X- {U, V) 

That is to say: 

V£n + (V^Af)* = {D + 2A) • Id 
Take Dn = D + 2 A, we get the equality: 

Vfjv + (Vf jv)* =Dn -Id. 
Because g is flat, this relation is equivalent to 

■Cfiv(5) = Dn -g. 

F5) We will prove 

Ce,v{o) = o. 

Modulo the relation S7{^\tn) = this is equivalent to the relation: 

Vc/(1^ o £n) - (VuV) o£n + Uo Vv£n - Vuov£n = UoV, 

for any U,V & TN. 

However M is a Probenius manifold, so we have 

Vu{V o£)- (Vc/F) o£ + Uo Vv£ - Vuov£ = UoV, 

for any U,V G TN. 

We compute the l.h.s. of this equality and get 

Vu{Vo£)-{VuV)o£ + Uo Vv£ - Vuov£ 

= Vu{Vo £n) - (VuV) o£n + Uo Vv£n - Vuov£n 

+ Vu{V o £^) - (VuV) o£^ + Uo Vv£n - ^Uov£h 

Computing first term 

pr(Vc/(^ ° ^^jv) - (Vc/^) o£i^ + Uo Vv£n - Woyf jv) 

= Vu{V o 5jv) - {VuV) o£n + Uo Vv£n - Vuov£n 

So we just need to prove 

pr(V[/(y o £^) - (VuV) o£^ + Uo Vv£n - Vuov£n) = 0. 
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computing directly we find 
pr(V[/(y o fj^) - l^uV) o£^ + Uo Wv£n - ^UovSn) 

= -Ay^s^^ (U) - pr{h{U, V)oSk)-Uo A,. {V) + A,^ {U o V) 
= -Ay^g± (U) - pT{h{U, V)o£^)-XUoV + XUoV 
= -Ay,siiU)-pY{h{U,V)o£^). 

The second equality holds because A£± = A • Id. 

Claim: -Ay^g± (U) - pr{h{U, V) o 5^) = for any U,V e TN. 

In fact, 

(1°) the structure connection of M is flat because M is Frobenius manifold. So 
the relation (1.2) holds: 

U o VvW -Vo VuW -[U,V]oW + Vu{V oW)-Vv{UoW) = 0. 

so the orthogonal part of this coefficient must be zero, i.e., 

U o h{V, W)-Vo h{U, W) + h{U, VoW)- h{V, UoW) = 0. 

i.e., 

U o h{V, W)~Vo h{U, W) = h{V, UoW)- h{U, V o W). 

then we get: 

{U ohiV,W) - V oh{U,W),£^) = {h{V,U oW) -h{U,V oW),£^). 
We simply the r.h.s. of this equality 

{h{V, UoW)- h{U, VoW),£^) = {h{V, UoW),£^)- {h{U, V o W), £^) 

= {A,. {V),WoU)- {As. {U),Wo V) 
= X{V, WoU)- X{U, WoV) 
= 0. 

So 

{U o h{V, W), £^) = {V o h{U, W), £^). 
(2°) For any W G TN, we have 

{Ay,s^U,W) = {Wu{Vo£^),W) 

= U{V o £^, W)-{Vo £^,VuW) 

= 0-{Vo£^,h{U,W)) 
= -{£^,VohiU,W)) 

the second equality holds because V is the Levi-Civita connection of g, the last 
equality holds because the product is compatible to the metric g. 
Now We consider the second term 

{h{U, V)o£^,W) = {£^, h{U, V)oW). 
for all U,V,W e TN. But in (1°) Wc have proved that 

{U o h{V, W),£^) = {V o h{U, W), £ji). 
So for any Z € TN we have 

{h{U, V)o£j„W) + {Avos-U, W) = 0, 
i.e., for any U,V € TN we have: 

pr{Ay,SiU + h{U,V)o£^) = 0. 

So we get 
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F6) From Remark 10.41 applied to iV, we deduce that 

V{V£n) = 0. 

So {N,o,g^eN,£N) is a Frobenius structure on N, i.e., is a natural Frobenius 
submanifold of M. □ 

Remark 1.3. (1) N is the submanifold of (M, g, o, e, £). If we assume that e and f 
are tangent to N in Theorem 10. 131 we recover Theorem lO.lOi then N is a natural 
Frobenius submanifold. 

(2) In the proof of Theorem 10.131 we deduce that any two equalities can imply the 
third one: 

V£ + (y£)* = Did. 
V£n + (Vfjv)* = Z^AT - Id. 
A£± = X-ld. 

Proposition 1.4. Let {M,g, V, o, e, £) be a Frobenius manifold, N is a submanifold 
of M such that g is nondegenerate. If 

TNoTN C TN 

V = V 

then N is a natural Frobenius submanifold. 
Proof of proposition \1.4\ By the condition 

TNoTN C TN 
we know cat is the unit vector field of {N,TN, o). And by 

V = V 

we get VV^AT ^ and Vbat ~ 0. As in the proof of Theorem 1.1, the structure 
connection V of is integrable and the unit cat is V-flat. 

M is a Frobenius manifold, so there exist a constant D such that \7£ + (Vf )* = 
D ■ Id, for any X,Y £ TN. By 

V = V 

we have: 

{\7x£n,Y) + {Vy£n,X) = {Vx£n,Y) + ^y£n:X) 

^ D - {X, Y) 

So 

Vf AT + (V^at)* ^ D id 
By the equivalence between Saito structure with metric and Frobenius structure 
on TN, we get {N,g,V,o,eN,£N) is Frobenius manifold, i.e., N is the natural 
Frobenius submanifold of M. □ 

Remark 1.5. We can prove Proposition 11.41 by applying Theorem 10.131 because 
V = V implies Ag± =0. V = V is also not a necessary condition for a submanifold 
to be a natural Frobenius submanifold. 

Example 1.6 ([5]). B3 — * -^2(6) 

The prepotential for the Frobenius manifold constructed from B3 is 

Fr^ — — t'it'^ — tlto ^" — t'ot'^ -\- — ^nto -i" tJ) . 

«3 2 ^ 2 ^ 6 6 ^ 210 ^ 
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The two dimensional submanifold is given by 

2 

^3 = T-2 • 

The condition required for the submanifold to be a natural Frobenius submanifold 
reduce to fc2(2fc2 — 3)(— 2fc2 — 1) = 0. Thus there are three natural Frobenius 
submanifolds given by k2 = 0, —1/2, +3/2. For k2 — —1/2 or k2 — 3/2, the given 
natural Frobenius submanifolds are not totally geodesic submanifolds. 

2. Frobenius hypersurfaces 

In this section, we mainly talk about the classification of the natural Frobenius 
hypersurfaces. 

For general natural Frobenius submanifold neither V = V nor S — is a 
necessary condition. But for hypersurfaces, we get that all the natural Frobenius 
submanifolds satisfy either W — W oi £ = £n . 

In this section we suppose {M,g, o, e, £) is a Frobenius manifold, is a hypersur- 
face of M such that the restricted metric g is non-degenerate, V is the Levi-Civita 
connection of g. 

Lemma 2.1. Let {M,g) be a Riemannian manifold, let V he the Levi-Civita con- 
nection ofy, and let N be a hypersurface of M . If there exists a V -flat vector field 
X G TM such that Xj^ :— pr[X\i^) is V -flat and X is not tangent to N , then N 
is a totally geodesic submanifold of M . 

Proof. From the flatness of X and Xjv, we get: Ax^ — 0. Because the codimension 
of N is equal to 1, the shape operator A vanishes. So is a totally geodesic 
submanifold. □ 

Lemma 2.2. If N is a Frobenius submanifold of M , and e is tangent to N, then 
D = Dn. 

Proof. If iV is a Frobenius submanifold of M, and e is tangent to N, so from 

Ve = 0, Vejv = 



we get 

for any X e TN. 
From 



we get: 

Take X = cat we get 



h{X,eN)=0, 

V£ + (V£)* =D-ld; 
V£n + {V£nT = Dn ■ Id, 



{h{X,Y),£^)^-^-^-{X,Y). 



{D-DN)-{eN,Y)^0, 

for any Y G TN. 

But g is non-degenerate in TN, so we can choose a local vector field Yq such 
that (eat, Yo) = 1- So Dn- □ 



Proof of Proposition \0.17^ a). (2)^ (1) By Proposition [Ql 

(1)^ (2) If TV is the natural Frobenius submanifold of M, then TNoTN C TN. 
Because e is not tangent to TV and N is hypersurface of M, by Lemma 2.1 TV is 
totally geodesic submanifold, i.e., V = V. □ 
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Proof of Proposition lUT^ b). {2)^ (1) If TN oTN C TN and V = V then by 
Proposition ! 1 .41 N is a natural Frobenius submanifold of A/; otherwise if TNoTN C 
TN and £ is tangent to N, by Theorem 10. 101 we also get is a natural Frobenius 
submanifold. 

(1)=^' (2) Suppose TV is a natural Frobenius submanifold. Because e is tangent 
to N, by Lemma we know D = Dp^, and by 

y£+(y£)* =D-Id; 

V£n + (V^at)* = Z? • Id; 

we get: 

{h{X,Y),£j,)=0, 

for any X, F e TN. 

Because codimension of N is 1, g is non-degenerate, and h{X,Y)^£^ E TN^, 
so either h{X, Y) = Q for any X, Y, or £^ = 0. That is to say either V = V or 5 
is tangent to N. 

N is the natural Frobenius submanifold implies TN o TN C TN. □ 

Remark 2.3. Proposition 10.171 classify the natural Frobenius hypersurfaces. But 
this classification can not be generalized to natural Frobenius submanifolds of any 
dimension. We will give an example of a Frobenius submanifold of codimension 
two such that e^^^ 7^ 0, V 7^ V and £^ ^ 0. 

Example 2.4. In example 1 1.6( we get two natural Frobenius submanifolds of B^. 
Take = ^1/2- This submanifold, denoted by N, is not a totally geodesic sub- 
manifold of B3 . 

Firstly, just as in example lO.lll we construct a Frobenius manifold (B^, xA, 5, o, e. £) 
such that jt"^ , z is the flat coordinates of B3 x A. Now embedding B^ to B^ x A: 

l:B3 — > B3xA,P< — > (P, 1). 

consider the image t{N) of as a submanifold of B3 x A. It is given by 

1 ^ 
6 

1 2 

^3 = T2 
Z = 1. 

For the Frobenius manifold B^ x A, we get a natural Frobenius submanifold x {1} 
with e^V 7^ 0, V 7^ V and £^ 0. 

For the first case e is not tangent to N, we get some properties about £0 and 
V£. 

Corollary 2.5. Let (M, 5, o, e, f ) be a Frobenius manifold, and let N be a Frobenius 
hypersurfaces of M such that the restricted metric g is non-degenerate. If e is not 
tangent to N, then {£o)\tn, {y£)\TN e End(TN) 

Proof. From proposition 10.171 we have two relations: 

TNoTN C TN, V = V. 

If £ is tangent to TV, then obviously, {£o)\tn , {'^£)\tn G End{TN). Now we 
suppose £ is not tangent to N , then there exist nonzero function / such that 
fej^=£^. But ej^oTN ^ 0, so £^oTN = 0, and then {£o)\tn e End{TN). Now 
consider {V£)\tn- For any X e TN: 
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Vei = 0. 



From V = V we know that the second fundamental form and shape operator 
vanish, i.e., h — Q, and ^ = 0. Moreover, from V = V, Ve = and Vejv = we 
get: _ 

is a hypersurface of AI, so there exist a function, denoted by /, such that: 

£pf = f ■ e^. 

we win show that the function / is a constant, i.e., there exists a constant G C 
such that. 

= ' ejv- 

Claim: V.±8 G TN^. 

In fact M is a Frobcnius manifold, so we have: 
By V = V we can simplify this equality and get: 

Ve„5iV + ^e.Sk + Ve^£ = GAT + 

But iV is a Frobenius submanifold of M, so we have Vem^n = gat. So we get: 
So _ _ 

The flatness of the structure connection V of M implies that: 

Vi-Eo) - [$, Vf] = 

which applied to the pair of vectors {X,£j^) amounts to 

Wx{£h ° £) - ^x£h o£\n+Xo W£±£ - Vxoe^£ ^Xo£^. 

where X gTN. 

From the relation TN o TN^ = we get 

Vxi£N ° 4) - ^xi£N) o£^+Xo V^^£ = 0. 

We have proved that V g±£ £ TN^, so the above equality can be simplified to be: 

'By £n ^ f ■ '^'^N = a-nd ejf o ej^ = e^l^ we get 

f2 



xin = o. 



So there exists a constant /i g C such that f = fi, i.e., V£^ — ^iX/ej^ — 0. 



Then we get: 

(y£)\TN = V£n +^£n = Vfw e End{TN). □ 

Remark 2.6. We have another way to see V£^ = in the proof of coroUarv 12.51 
TV is a hypersurface, and £ is not tangent to N, so we just need to check 

(2.7) {Vx£^,£^) = 0. 

for any X G TN. 

From the relation V£ + {V£)* ^ D - Id, we get 

{yx£if,£^) = {^x£,£^) 

= D{X,£j,)-{V,^£,X) 
= -{V,^£,X) 

where X eTN. 
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In the proof of corollary 12.51 we have the relation 

So for any X E TN, we get 

i.e., _ 

^xSh = 0. 
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